Simulating faults and plate boundaries with a transversely isotropic plasticity model  by Sharples, W. et al.
Physics of the Earth and Planetary Interiors 252 (2016) 77–90Contents lists available at ScienceDirect
Physics of the Earth and Planetary Interiors
journal homepage: www.elsevier .com/locate /pepiSimulating faults and plate boundaries with a transversely isotropic
plasticity modelhttp://dx.doi.org/10.1016/j.pepi.2015.11.007
0031-9201/ 2015 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
⇑ Corresponding author.W. Sharples a, L.N. Moresi b,⇑, M. Velic b, M.A. Jadamec c, D.A. May d
a School of Mathematical Sciences, Monash University, Clayton, VIC, Australia
b School of Earth Sciences, Melbourne University, Melbourne, VIC, Australia
cDepartment of Earth and Atmospheric Sciences, University of Houston, Houston, TX, USA
d Institute of Geophysics, ETH Zurich, Zurich, Switzerland
a r t i c l e i n f o a b s t r a c tArticle history:
Received 29 October 2014
Received in revised form 30 October 2015
Accepted 29 November 2015
Available online 12 January 2016
Keywords:
Transversely isotropic constitutive law
Geodynamic models
Faults
Plate boundaries
SubductionIn mantle convection simulations, dynamically evolving plate boundaries have, for the most part, been
represented using an visco-plastic flow law. These systems develop fine-scale, localized, weak shear band
structures which are reminiscent of faults but it is a significant challenge to resolve the large- and the
emergent, small-scale-behavior. We address this issue of resolution by taking into account the observa-
tion that a rock element with embedded, planar, failure surfaces responds as a non-linear, transversely
isotropic material with a weak orientation defined by the plane of the failure surface. This approach
partly accounts for the large-scale behavior of fine-scale systems of shear bands which we are not in a
position to resolve explicitly. We evaluate the capacity of this continuum approach to model plate bound-
aries, specifically in the context of subduction models where the plate boundary interface has often been
represented as a planar discontinuity. We show that the inclusion of the transversely isotropic plasticity
model for the plate boundary promotes asymmetric subduction from initiation. A realistic evolution of
the plate boundary interface and associated stresses is crucial to understanding inter-plate coupling, con-
vergent margin driven topography, and earthquakes.
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Tectonic stresses within the shallow regions of the lithosphere
result in the formation of faults, the largest of which are the plate
boundaries themselves. Both fault zones and the plate boundaries
are extremely narrow regions compared to the size of the plates
(Kreemer et al., 2003). This immediately presents a challenge for
numerical modeling since the wide separation in scales is difficult
to represent in any finite, discrete model. Broadly speaking, this
challenge can be approached in two different ways: either by
explicitly addressing the two scales with distinct discrete repre-
sentations (e.g. treating plate boundaries as lower-dimensional
surfaces in a two-dimensional or three-dimensional continuum
(Zhong and Gurnis, 1995, 1996)), or by finding a single-scale,
non-linear, rheological model which naturally gives rise to multi-
ple scales of deformation and computing the models at high reso-
lution (e.g., Bercovici, 1993 and subsequent work). The approach
we present in this paper is a hybrid of these two approaches: pri-
marily a rheological model, but one which assumes an embedded
discontinuity exists below the limit of resolution.There are several rheological approaches to implementing both
(a) narrow, weak, rapidly deforming plate boundaries and (b) later-
ally extensive, strong, and slowly deforming plate interiors. For
example, power law viscous flow laws have been used to generate
plate boundaries (e.g., Christensen and Harder, 1991; Weinstein
and Olsen, 1992), followed by the more sophisticated temperature
dependent viscosity and depth dependent yielding implementa-
tions (e.g., Moresi and Solomatov, 1998; Trompert and Hansen,
1998), as well as thermo-elastic and thermal-rheological
approaches that include the effects of water (Regenauer-Lieb
et al., 2001). The longevity and reactivation of plate boundaries
and fault zones on Earth provides us with evidence that plate
boundaries and fault zones have some history dependence
(Moresi et al., 2000; Gurnis et al., 2000; Jadamec et al., 2013). To
address this problem, many models of the Earth’s lithosphere
and mantle have a time dependent damage parameter included,
such as strain weakening or defect creation (e.g., Bercovici, 1998;
Tackley, 2000; Lenardic et al., 2000; Auth et al., 2003; Ogawa,
2003; Bercovici and Ricard, 2014). The damage parameter induces
severe weakening so that the plate boundaries or deformation
zones are long lasting and may be reactivated more easily than
undamaged material. The incorporation of these approaches
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However, certain features remain difficult to reproduce, including
asymmetric subduction.
In all of the rheological models outlined above, the effects of
yielding are implemented through a reduction in viscosity. We
note that this means that this limits any changes to the stress field
at yielding to be a uniform scaling of all components, that there can
be no rotation of the stress field at yielding, and that the yield cri-
terion can only be expressed in terms of the scalar invariants of the
stress tensor. We refer to this approach as a Byerlee yield model
since it addresses the depth-dependent (frictional) strength of
the lithosphere without dealing with details of individual struc-
tures (cf. Byerlee, 1967). The stress-limit caused by frictional slid-
ing on a planar surface cannot be expressed within this rheological
framework; it is necessary to set limits on the shear stress and the
normal stress in the failure plane independently. Moresi and
Mühlhaus (2006), Moresi et al. (2007) and Mühlhaus et al. (2010)
showed that this can be modeled in a continuum formulation by
using a non-linear, transversely isotropic flow law identical in form
to that used previously to model buckling of a layered medium
(Moresi and Mühlhaus, 2006).
The distinctions between direct viscosity and shear viscosity
within a constitutive model have already been made(a)
(b)
Fig. 1. Illustration of a volume element with an embedded fault plane and a model of a s
of volume element with an embedded fault plane, where the normal and shear vector are
thrust fault (outcrop size Wenger, 2012) which is then shown to be simplified in a num(Christensen, 1987; Moresi and Mühlhaus, 2006; Pouilloux et al.,
2007). However, we extend this approach and propose a trans-
versely isotropic constitutive model in order to simulate the
macro-scale behavior of faults and plate boundaries. This model
allows for a weak plane along which there is a preferential direc-
tion of slip to represent the manner in which two volumes of rock
or two tectonic plates slide past one another (Fig. 1b). We assume
an isotropic, viscous medium undergoes a symmetry-breaking
transformation at failure in accordance with standard plasticity
approaches, but formulated from a kinematic viewpoint rather
than a classical yield-stress-based flow rule. Where the symmetry
breaking transformation occurs, the material behaves anisotropi-
cally. Drawing from the methods outlined in Mühlhaus et al.
(2004), an invertible, three dimensional transversely isotropic con-
stitutive formulation is presented, where individual shear compo-
nents of the constitutive matrix can be modified independently.
The ease of implementation into mantle convection software is
a feature of this formulation as we write out the transversely iso-
tropic flow law from a canonical orientation aligned with the mate-
rial fault planes and then rotate it to match the geometry of fault
segments at each integration point. This approach is different from
previous mesh-based global fabric models (Zhong and Gurnis,
1996), as it is more flexible due to the complexities arising fromubduction zone plate boundary and faulted crust. (a) A three-dimensional depiction
depicted. (b) Example of a large scale fault zone (plate boundary) and a small scale
erical model.
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the transverse isotropy is emergent, such that the volume elements
become transversely isotropic post-yielding, and dynamically
evolve according to changes in the stress field. The orientation of
the failure plane and magnitude of the slip along the failure plane
for each volume element is given by the direction and magnitude
of the maximum shear stress.
In this paper, we provide a description of the transversely iso-
tropic plasticity model, and then apply the transversely isotropic
rheology to a series of numerical models of faults and subduction
zone plate boundaries in order to investigate the role of the trans-
verse isotropy in the transference of stress across faults and in the
evolution of asymmetric subduction.
2. Mechanical model
We assume the equations of motion for an incompressible, infi-
nite Prandtl number fluid and the Boussinesq approximation to the
equation of state such that density changes are only considered
where they give rise to buoyancy forces (Boussinesq, 1903). These
assumptions were critically examined and validated by Richter
(1973). The resulting equations of motion describe Stokes flow
with viscous stress and pressure in equilibrium with driving
forces:
rij; j ¼ f i; ð1Þ
The total stress, rij, comprises the deviatoric stress, sij, and pres-
sure, p, wherein rij ¼ sij  pdij. f i is a gravitational body force due
to density changes. Incompressibility implies a constraint on the
velocity field, ui, such that:
ui;i ¼ 0: ð2Þ
To complete the model, Eq. (1) requires a constitutive relation-
ship linking stress and the corresponding strain-rate. In an isotro-
pic, Newtonian, viscous material this takes the form
sij ¼ 2g _eij ð3Þ
where g is a scalar viscosity, and _eij is the strain-rate tensor. More
generally,
sij ¼ cijkl _ekl; ð4Þ
where expressing the viscosity as a fourth order tensor allows for
the possibility of an anisotropic response of the material to the
applied stress (Christensen, 1987). Anisotropy may arise from the
inherent properties of a material itself, but it can also arise from a
textured microstructure such as layering, strain-induced fabric, or,
as in the case we wish to represent here, from an emergent struc-
ture associated with failure which takes the form of shear bands
or faults.
In the case of microstructural faults, we can capture some of the
collective effects of aligned, small-scale features through direc-
tional dependences in the constitutive relationship despite the fact
that we cannot resolve the detailed structure.
While Eq. (3) is trivially invertible, if we wish to express the
strain-rate in terms of the stress (i.e. to write the compliance form
of the constitutive relationship) then we are required to invert the
constitutive tensor in Eq. (4):
_eij ¼ sijklskl: ð5Þ2.1. Plasticity model for embedded faults or shear bands
We make the assumption that the total strain-rate associated
with a material at failure, _etot, consists of the background deforma-
tion, _ebg, plus that resulting from the mechanisms that onlybecome available at failure, _eadd. This gives a constitutive model
which can be written (in the compliance form) as:
_etot ¼ _ebg þ _eadd ¼ s2gþ _cp
@g
@r
; ð6Þ
where the background deformation is assumed purely viscous, and
the additional deformation is expressed in terms of an amplitude
(the equivalent plastic shear-strain-rate, _cp) and an orientation
(defined through the derivative of the plastic potential, g, with
respect to total stress, r). In plasticity, g is often taken to be identi-
cal to the yield function (so-called associated plasticity models)
which clearly leads to an anisotropic response for any g that is
not itself isotropic (i.e. dependent only upon the scalar invariants
of the stress tensor). For more details, in this context, see (Moresi
and Mühlhaus, 2006).
Previous studies (Moresi and Mühlhaus, 2006; Moresi et al.,
2007) have proposed that a volume element with an embedded
frictional failure plane deforms as a nonlinear, transversely isotro-
pic medium, with the weak orientation aligned to the failure plane.
A small planar element of the fault (Fig. 1a) can be described by a
normal vector, n. In three dimensions, a second orientation, s, is
defined by the orientation of the maximum shear stress projected
into the plane.
However, specifying the plastic deformation through the plastic
potential or yield function, does not allow us also to specify the
kinematics of the post-failure deformation to match the orienta-
tion of the fault. An alternative is to write
_etot ¼ _ebg þ _eadd ¼ s2gþ _cp _ekin ð7Þ
where _ekin is a specified, normalized, post-failure strain-rate tensor
that describes the pattern of the additional deformation. We should
now interpret _cp as the magnitude of that deformation required to
satisfy the yield criterion. If _ekin is not defined in terms of the cur-
rent stress state (for example, consider a pre-existing fault at a
pre-determined orientation), then _cp may only minimise the misfit
to the yield function, not guarantee that it is perfectly satisfied.
Adding the kinematic description of plastic failure to the consti-
tutive law requires frequent inversion of the fourth order tensors
describing the orientation of the imposed symmetry. At first glance
this appears to be a daunting complication. However, we can break
down the required operations into those associated with canonical
orientations (e.g. describing the additional slip required for a sin-
gle, horizontal, planar embedded fault) and those required to
rotate the coordinates to the orientation of the discontinuity at
each point. This leads to a workable mathematical description that
is relatively straightforward to implement in code.
2.2. Derivation of the general transversely-isotropic model
The coefficients in the anisotropic constitutive tensor in Eq. (4)
are related by some fundamental symmetry considerations which
allow us to simplify the description. Since
cijkl ¼ cjikl ¼ cijlk ¼ cklij; ð8Þ
cijkl can be mapped to CIJ , where I and J range from 1 to 6, the pure
shear motions are associated with indices 1, 2 and 3 and the simple
shear motions are associated with 4, 5 and 6; this is the Voigt rep-
resentation of the tensor.
We can simplify this general constitutive law if the material has
additional symmetry. For example, if we require that shearing
motions and direct stresses are not coupled to each other, and that
the three shear orientations are uncoupled, our constitutive law
simplifies to that of an orthotropic material. An orthotropic mate-
rial has three orthogonal symmetry planes with only nine indepen-
(a)
(b)
(c)
(d)
(e)
Fig. 2. Directions of slip along the fault planes of a volume of rock containing a
horizontal fault. (a) Undeformed state of material. (b) Slip along the y plane in the x
direction. (c) Slip along the y plane in the z direction. (c) Slip along the x plane in the
y direction. (d) Slip along the z plane in the y direction.
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matrix CIJ as follows:
CIJ ¼
c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66
2
666666664
3
777777775
: ð9Þ
A transversely isotropic medium whose symmetry is about the
x2 direction has the following general form:
CIJ ¼
c11 c12 c13 0 0 0
c12 c22 c12 0 0 0
c13 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 ðc11  c13Þ=2 0
0 0 0 0 0 c44
2
666666664
3
777777775
ð10Þ
For our purposes, we want the stress in Eq. (4) to be deviatoric,
hence we require that c22 ¼ c11  c12 þ c13. i.e., there is no dilatation.
Furthermore, we wish to avoid unnecessary complications from
coupling direct stresses amongst each other (or we require that
the normal parts of the strain-rate do not cross couple to other nor-
mal parts of the stress. e.g., _e11 cannot affect s22 etc.) This means
that c12 ¼ c13 ¼ 0. Hence we are left with the form:
CIJ ¼
2g 0 0 0 0 0
0 2g 0 0 0 0
0 0 2g 0 0 0
0 0 0 m 0 0
0 0 0 0 g 0
0 0 0 0 0 m
2
666666664
3
777777775
; ð11Þ
where g is the isotropic viscosity and m is the shear viscosity limited
by the yield criterion. See Appendix A for the full derivation.
Consider a fault aligned with the horizontal (y plane) like two
blocks stacked on top of each other (Fig. 2a) as a transversely iso-
tropic medium. The volume with the embedded horizontal fault
can shear easily in the x–y plane (Fig. 2b and c), but can not shear
easily in the x–z plane.
Due to the symmetry of the constitutive tensor, the shear vis-
cosities associated with the weak shear directions are equal
(g44 ¼ g66 ¼ m), and can either be set directly or set such that a
yield condition on the shear stress is satisfied. Pure shear stresses
and simple shear stresses oriented in the plane of the fault do not
cause anymotion on the fault and are therefore associated with the
viscosity of the bulk medium (where all the possible orientations
of motion along a fault are shown in Fig. 2b–e).
The simple transversely isotropic constitutive matrix, Eq. (11),
is derived in coordinates aligned with the fault plane. If the fault
plane is misaligned with the reference coordinates (Fig. 1a), the
aligned constitutive matrix can be rotated out to the reference
coordinates via rotation matrices. The relationship between stress,
the aligned transversely isotropic constitutive matrix and strain-
rate can be written as:
s ¼ QCQ1 _; ð12Þ
where C, in Eq. (12), is the original constitutive matrix in an unro-
tated coordinate system that is aligned with the fault plane and
r; _ and Q are the Voigt representation of the total stress, the
strain-rate and the rotation matrices (defined in Appendix B)
respectively.3. Methods and evaluation
Simple models of blocks with a fault zone, analogous to a rock
with an embedded fault, are shown in order to clearly highlight
the differences between an isotropic rheology and a transversely
isotropic rheology, when modeling faults as weak zones. Eight
models containing blocks with a fault zone and two weak layers
were run as benchmarking cases.3.1. Numerical implementation
The two-dimensional, density driven, viscous flow models pre-
sented here are solved with the particle based finite element man-
tle convection code, Underworld (Moresi et al., 2003, 2007).
Underworld uses a combination of Eulerian and Lagrangian meth-
ods in order to model large scale deformation accurately. Field
variables such as velocity and pressure are solved at the grid
points, whereas material properties such as density and viscosity
are advected with particles. Stress is calculated at the particle loca-
tions. Advection of material boundaries and the stress tensor using
particles has been shown to be more robust than using a fixed grid
(Moresi et al., 2002). Solutions are obtained by solving the Stokes
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ticle positions are updated using a 2nd order Runge–Kutta scheme,
where particle velocities are interpolated from nodal velocities.
Material points are added or removed according to a population
control algorithm to prevent over-crowding and under-resolution.
We have implemented a linear and non-linear form of a trans-
versely isotropic constitutive model into Underworld. All linear
rheologies discussed below relate stress to strain-rate via the
pre-specified constitutive matrix rotated into the reference coordi-
nates. For the non-linear rheologies modeled, stress is calculated at
particle locations, and if deemed to yield, the constitutive matrix at
each particle is modified to satisfy the yield criterion. Subse-
quently, the stress at all locations is recalculated, to take into
account the interaction between individual locations that fail and
redistribute and reorientate the stress throughout the system. This
is an iterative process until changes in the global solution fall
below a specified tolerance. At each iteration the stress at all par-
ticle locations is recalculated based on the strain-rate of all particle
locations carried forward from the previous iteration (Moresi et al.,
2007).
3.2. Fault zone benchmark model setup
Faults are represented in the models as diagonal bands, which
are embedded into the block material and aligned at a range of
angles to the horizontal (Table 1). The model set-up is shown in
Fig. 3, depicting a block with an embedded fault zone for the case
of an inclined fault at 45.Table 1
Summary of fault model set-up parameters. The orientation of the transverse
isotropic plane aligns with the orientation of the fault in all models with transversely
isotropic linear rheology. All values are in non-dimensional units (N-D.).
Summary of all block model set-up parameters
Parameter Value (N-D.)
Thickness of block layer 1.5
Thickness of weak layers 0.25
Thickness of fault zone 0.1
Length of block layer 3.0
Length of weak layer 3.0
Orientation of the fault zone 30, 45, 60, 90
Isotropic viscosity of block layer 500
Isotropic viscosity of weak layer 103
Isotropic viscosity in the fault zone 1
Transversely isotropic viscosity in the fault zone 500 (g), 1 (m)
Orientation of the transverse isotropic plane 30, 45, 60, 90
Left side velocity 1
Right side velocity 0
Resolution in x 0.01
Resolution in y 0.01
Fig. 3. Block model set-up with a fault zone (in green). WL – weak layer, BL – block
layer, FZ – fault zone. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)Four models (Models IS30, IS45, IS60 and IS90) have a fault zone
containing material with a linear isotropic constitutive relation-
ship. The block material and weak layers are also specified to have
linear isotropic rheology (Table 1). Four models (Models TI30, TI45,
TI60, TI90) have a fault zone containing material with a linear
transversely isotropic constitutive relationship. The shear viscos-
ity, m, associated with a plane aligned with the orientation of the
fault zone, is set to be lower in magnitude than the other compo-
nents of the constitutive matrix (Table 1).
For each model, instantaneous solutions are obtained except for
the fault model with a shear band which lies perpendicular to the
direction of compression (90). Velocity boundary conditions are
set to be compressive along the right side of the domain and zero
along the left side (Fig. 3 and Table 1).
In fault zone models IS30, IS45, IS60 and IS90, the isotropic vis-
cosity, g, of the fault zone was set to be 500 times weaker than the
surrounding block to simulate a weak fault. In each transversely
isotropic fault zone model (TI30, TI45, TI60, TI90), the shear viscos-
ity, m, along the prescribed plane was set to be 500 times weaker
than the normal viscosity and the surrounding block to simulate
a fault which is weak in a direction parallel to the fault plane.
Stress is related to strain-rate via Eq. (12), where the constitutive
formulation, C, is given in Eq. (11). In each model, the constitutive
formulation is derived in the coordinates aligned with the fault
zone and then rotated into the reference coordinates in order to
calculate stress in the reference coordinates.
3.3. Results of the block models with an embedded fault zone
A transversely isotropic constitutive relationship allows the
shear stress to be capped along a fault plane without changing
the normal stress. This is demonstrated in our fault zone model
results. We compare the four models with isotropic fault zones
at 30, 45, 60 and 90 (models IS30, IS45, IS60 and IS90) to the
four models with transversely isotropic fault zones with the same
orientations (models TI30, TI45, TI60 and TI90). Examination of the
stress invariant field reveals that models with the isotropic fault
zones do not transmit as much stress across their boundary as
the models with transversely isotropic fault zones do. In addition,
examination of the ratio of the shear strain-rate to the normal
strain-rate reveals that the slip in the isotropic fault zones is not
well aligned with the orientation of the fault, and can thus produce
an artificial extrusion of material from the weak zone. In contrast,
the slip in the transversely isotropic fault zone aligns with the ori-
entation of the fault.
Fig. 4a shows the consequence of using an isotropic fault zone
compared to a transversely isotropic fault zone for the case of ver-
tical fault (at 90 degrees). For model IS90, shown in the right col-
umn of Fig. 4a, there is a ‘‘toothpaste effect”, that is, an artificial
extrusion of material from the fault zone, seen in the second invari-
ant of strain-rate field (Fig. 4a bottom row). Model IS90 is short-
ened to a larger extent than the equivalent transversely isotropic
model, TI90, where the final length at time 0.16 is indicated by a
dashed line in the strain-rate invariant plots (Fig. 4a bottom
row). Model IS90 shows that there is a jump in the average stress
invariant in the block material initially and between times 0.06 and
0.08 (Fig. 4b in orange) as the material in the weak zone is
squeezed out.
This is not the case with the corresponding transversely isotro-
pic fault zone model, TI90, shown in Fig. 4a, left column. Since the
direction of slip is perpendicular to the direction of the stress
boundary conditions placed upon it, the material behaves like a
viscously deforming block where the fault zone is indistinguish-
able in the second invariant of stress field (Fig. 4a top row, left col-
umn) and second invariant of strain-rate field (Fig. 4a bottom row,
left column). This is expected behavior, as no slip is expected to
(a)
(b)
Fig. 4. Results from block models with a fault zone orientated at 90 with
compressive velocity boundary conditions. (a) Second invariant of stress (row 1)
and the second invariant of strain-rate magnitude (row 2) in a model with a
transversely isotropic fault zone (left column) and in a model with an isotropic fault
zone (right column). rII stands for the second invariant of stress and _II stands for
the second invariant of strain-rate. The dashed line in the strain-rate invariant plots
indicate the final length of the block at time 0.16. (b) Plot of the average second
invariant of stress invariant (rII) in the block though time. The dashed red line
signifies the time at which the stress and strain-rate invariant plots were taken.
(See Table 1 for list of parameters.) Fig. 5. Results from block models with a fault zones oriented at 30, 45 and 60 to
the horizontal, with compressive velocity boundary conditions. (a) Shows the
second invariant of stress field (rII) in the block and fault zone for each model: 30,
row 1, 45, row 2 and 60, row 3. Column 1 shows rII from the models using the
transversely isotropic rheology in the fault zone and column 2 shows rII from the
models using the isotropic rheology in the fault zone. (b) Plot of the ratio of normal
strain-rate to shear strain-rate versus time for the fault zone models with fault
orientations of 30, 45, and 60. (See Table 1 for list of parameters.)
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under stresses which are perpendicular to the fault plane. In con-
trast to model IS90, the average stress invariant in the block mate-
rial increases linearly with time for model TI90 (Fig. 4b in green).
To illustrate the difference in the transferral of stress across an
isotropic fault compared to a transversely isotropic one, the second
invariant of stress field is shown for the fault models IS30, IS45,
IS60, TI30, TI45 and TI60 (Fig. 5a and Table 1). In the isotropic fault
zone models, the second invariant of stress field within the block
layer varies in models IS30 and IS60, and the fault is indistinguish-
able from the block in model IS45. The average second invariant of
stress field magnitude does not reach above a maximum of 33,
which occurs in the IS60 model, and there are only slight differ-ences in magnitudes between the models IS30 and IS45 (Fig. 5a,
right column).
In contrast, the second invariant of stress field within the block
layer varies less in the transversely isotropic fault zone models
(Fig. 5a, left column). A higher proportion of stress is propagated
through the block layer and across the fault zone in the models
with transversely isotropic fault zones (Fig. 5a, left column), com-
pared to the models with isotropic fault zones (Fig. 5a, right col-
Table 2
Summary of all subduction model set-up parameters.
Parameter Value
Thickness upper layer 30 km
Thickness middle layer 30 km
Thickness lower layer 30 km
Thickness upper mantle 650 km
Thickness lower mantle 150 km
Viscosity middle layer 2:0 1025 Pa s
Viscosity lower layer 3:0 1023 Pa s
Viscosity upper mantle 1:0 1019 Pa s
Viscosity lower mantle 1:0 1021 Pa s
Density upper layer 2.9 g/cm3
Density middle layer 2.9 g/cm3
Density lower layer 2.9 g/cm3
Density upper mantle 2.7 g/cm3
Density lower mantle 3.3 g/cm3
Length model domain 5000 km
Length subducting plate 2200 km
Length overriding plate 1800 km
Thickness plate boundary 26 km
Orientation plate boundary 30
Yielding middle layer Byerlee
Cohesion middle layer 210 MPa
Friction coefficient middle layer 0.75
Resolution in x 5 km
Resolution in y 5 km
W. Sharples et al. / Physics of the Earth and Planetary Interiors 252 (2016) 77–90 83umn). As the fault zone angle increases, the more misaligned the
weak plane is to the direction of the velocity boundary conditions.
Thus, increasing the angle of the fault zone to the horizontal results
in an larger magnitude of average stress invariant throughout the
block, where the magnitude of stress is 30% larger on average com-
pared to the models with isotropic fault zones. For example,
increasing the fault zone angle from 30, to 45, to 60 leads to
an average magnitude in the second invariant of the stress field
of 27, 31, and 43, respectively (Fig. 5a, left column).
The results show that slip in the fault zone is more aligned with
the fault orientation in the models with transversely isotropic fault
zones. Fig. 5b illustrates the alignment of the resulting deformation
with the orientation of the fault for the models with isotropic fault
zones versus the models with transversely isotropic fault zones.
The figure shows the ratio of normal to shear strain-rate versus
time for each fault zone orientation (30, 45, and 60), where all
measurements were taken at the center of the fault zone. The ratio
of the normal to shear strain-rates are significantly higher in the
models with isotropic fault zones, on average 10 times higher than
the models with transversely isotropic fault zones. The ratio of nor-
mal to shear stress in the models with the transversely isotropic
models never exceeds 0.04 and increases with increasing angle of
the weak plane to the horizontal.
4. Application
In order to highlight the differences between using an isotropic
plasticity versus a transversely isotropic plasticity in modeling
plate boundaries, we now apply the transversely isotropic plastic-
ity formulation to the plate boundary interface and upper layer of
the lithosphere in a series of subduction zone models.
4.1. Subduction model setup
The subduction zone models contain two oceanic plates inter-
sected by a plate boundary interface zone which is initially pre-
scribed along a plane 30 to the horizontal (Fig. 6). The model
domain measures 5000 km by 800 kmwith periodic boundary con-
ditions at the sides (to minimize edge effects), free slip boundary
conditions along the top of the domain and no slip along the bot-
tom of the domain (Fig. 6). The oceanic lithosphere is divided into
three layers: a brittle upper crust, a strong middle layer and a weak
lower layer (Kohlstedt et al., 1995; Jackson, 2002; Capitanio et al.,
2007, 2010). The thickness of the lithosphere is 90 km (representa-
tive of 62 Ma lithosphere) with 30 km thick layers (Table 2). The
distal ends of each plate are tapered at 15 to represent ridges.
The upper mantle extends to a depth of 650 km and the lower
mantle continues down for an additional 150 km (Fig. 6).
The lithosphere density is specified to represent an average
lithospheric density and is more dense than the surrounding man-
tle (Table 2) (Cloos, 1993). The initiation of subduction is facilitated
via slip along the plate boundary interface zone, arising from the
gravitational instability caused by the less buoyant lithosphere.Fig. 6. Subduction zone model set-up containing an overriding plate, subducting plate, a
layer, LL – lower layer, UM – upper mantle, LM – lower mantle. (For interpretation of the
this article.)The maximum viscosity of both the overriding and subducting
plate are constrained to within 1022–1026 Pa s (England and
Molnar, 1990; Billen and Hirth, 2007), with the plates containing
a strong middle layer (Tables 2 and 3). The viscosity of the tapered
ends of the subducting and overriding plates is set to be the same
as that for the plate’s upper layer. A more complete justification for
all subduction model parameter choices is given in Sharples et al.
(2014). The upper mantle viscosity is set to 1019 Pa s, whilst the
lower mantle is set to 1021 Pa s to approximate the phase change
boundary at 650 km. We do not solve for a non-Newtonian upper
mantle (Billen and Hirth, 2007; Jadamec and Billen, 2010; Billen
and Jadamec, 2012) or a mechanically anisotropic upper mantle
(Lev and Hager, 2008, 2011). A low density is used for the upper
mantle to take into an effective reduction in support of the slab
that would be expected to occur if thermal effects and a non-
linear viscosity were included in the model.
Five subduction models are run that examine the effect of (a)
the yielding rheology in the upper layer of the lithosphere and in
the plate interface, (b) the initial viscosity of the upper layer of
the lithosphere, and (c) the effect of hinge softening in the upper
layer of the subducting plate (Fig. 6 and Tables 2 and 3). Three sub-
duction models (SUB1, SUB3 and SUB5) have the Transversely Iso-
tropic Frictional Rheology applied to the upper layer of the
lithosphere and within the plate boundary interface zone (Table 3).
Two subduction models (SUB2 and SUB4) have a Byerlee yielding
rheology applied to the upper layer of the lithosphere and plateplate boundary interface zone (in green) and mantle. UL – upper layer, ML – middle
references to colour in this figure legend, the reader is referred to the web version of
Table 3
Summary of all parameters which differentiate the subduction models. SUB 1 to SUB 5
– subduction model number. Layer – UL – Lithosphere upper layer, subm –
Submerged lithosphere upper layer. Y – yielding rheology. TIFR – Transversely
Isotropic Frictional Rheology. B – Byerlee yeilding rheology. l ¼ tanu coefficient of
friction. C – cohesion. d0 – depth coefficient. g – viscosity. SW – strain weakening. HS
– hinge softening. The yielding rheology equations and their parameters are defined
in Section 4.2.
Summary of all varying subduction model parameters
Models Layer Y l C (MPa) d0 g (Pa s)
SUB overriding plate
SUB1 UL TIFR 0.75 35 – 1:0 1025
SUB2 UL B – 35 0.75 1:0 1025
SUB3 UL TIFR 0.75 35 – 1:0 1025
SUB4 UL B – 35 0.75 1:0 1025
SUB5 UL TIFR 0.75 35 – 1:0 1025
SUB subducting plate
SUB1 UL TIFR 0.75 35 – 1:0 1025
SW 0.01 0.07 – 1:0 1025
subm. B 0.25 35 – 1:0 1025
SUB2 UL B – 35 0.75 1:0 1025
SW 0.01 0.07 0.01 1:0 1025
subm. B – 35 0.25 1:0 1025
SUB3 UL TIFR 0.75 35 – 1:0 1024
SW 0.01 0.07 – 1:0 1024
subm. B 0.25 35 – 1:0 1024
SUB4 UL B – 35 0.75 1:0 1024
SW – 0.07 0.01 1:0 1024
subm. B – 35 0.25 1:0 1024
SUB5 UL TIFR 0.75 35 – 1:0 1025
SW 0.01 0.07 – 1:0 1025
HS 0.15 7 – 1:0 1024
subm. B 0.25 35 – 1:0 1025
SUB plate boundary
SUB1 TIFR 0.15 7 – 1:0 1024
SW 0.01 0.7 – 1:0 1024
SUB2 B – 7 0.15 1:0 1024
SW – 0.7 0.01 1:0 1024
SUB3 TIFR 0.15 7 – 1:0 1023
SW 0.01 0.7 – 1:0 1023
SUB4 B – 7 0.15 1:0 1023
SW – 0.7 0.01 1:0 1023
SUB5 TIFR 0.15 7 – 1:0 1024
SW 0.01 0.7 – 1:0 1024
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initial viscosity of the upper layer in the subducting plate is spec-
ified to be ten times weaker than that of the upper layer in the
overriding plate (Table 3). In models SUB1, SUB2 and SUB5, the ini-
tial viscosities of the upper layer in both the subducting and over-
riding plates are equal. In all models the initial viscosity of the
plate boundary interface zone is set to be ten times less viscous
than the subducting plate upper layer viscosity (Table 3).
All subduction models have the Byerlee yielding rheology
applied to the middle layer of the lithosphere, with a large cohe-
sion value specified to represent the brittle-ductile transition of
the strong middle layer of the Earth’s lithosphere (Kohlstedt
et al., 1995), (Table 2). In addition, Byerlee yielding is applied to
the upper layer of the subducting plate once it is submerged in
the upper mantle, at a depth of 150 km and below, to represent
the different physical processes taking place such as melting and
dehydration (Table 3). All subduction models have strain weaken-
ing applied to the upper layer of the subducting plate and the plate
boundary interface zone (Table 3). The plastic lower layer of the
oceanic lithosphere does not undergo yielding as it is specified to
be very weak initially (Karato and Wu, 1993; Regenauer-Liebet al., 2001). The tapered distal ends of the lithosphere in the sub-
ducting and overriding plates do not undergo yielding.
Within the forearc bulge of a subducting plate, extensive nor-
mal faulting arising from plate bending can significantly weaken
the subducting plate’s crust (Ranero et al., 2003; Faccenda et al.,
2009; Billen et al., 2007). To account for this process, one model
(SUB5) has hinge softening within the upper layer of the subduct-
ing plate extending from the trench to 105 km laterally into the
subducting plate (Table 3-HS). Material in this zone is pre-
softened so that its viscosity is set to be ten times weaker than
material in the surrounding upper layer. The frictional condition
under which yielding would occur is then imposed such that the
cohesion and friction coefficient are five times smaller in magni-
tude than specified for rest of the material in the upper layer. If
the altered frictional condition is met, the material is permanently
softened, and then the anisotropic frictional flow rule is applied.
Un-yielded material in this zone has its viscosity returned to the
original value (Sharples et al., 2014). In this model and in all other
models, the plate boundary interface zone material is subducted
and is thereafter replenished with material from the subducting
plate’s upper layer of lithosphere for the duration of subduction.
When material from the subducting plate enters the hinge soften-
ing zone, this material becomes pre-softened in the same fashion.
4.2. Implementation of the rheology in the subduction models
4.2.1. Transversely Isotropic Frictional Rheology
The Transversely Isotropic Frictional yield criterion and flow
rule is based on the assumption that material fails once a frictional
condition on the resolved stress is satisfied along a failure plane
(Moresi and Mühlhaus, 2006). The initial plane of failure is ran-
domly prescribed across particles to be at 30 and 150 to the hor-
izontal, to represent an idealized orientation of thrust faults.
Thereafter the failure plane is predicted from the stress field,
where the plane is set to align with the direction of maximum
shear stress. We assume that the embedded failure plane is trans-
versely isotropic, with the weak orientation aligned with the plane
of failure. The yield criterion is given by:
ss < tanðuÞrn þ c; ð13Þ
where ss and rn are the shear and normal stresses on the failure
plane, tanu is the friction coefficient, and c is the cohesion of the
material. The yield envelope is found from the equality:
sy ¼ tanðuÞrn þ c; ð14Þ
The resulting constitutive relationship post yielding is such that at
each particle location, a shear viscosity is set to account for plastic
deformation along the failure plane, where m in Eq. (11) is equal to:
m ¼ sy
2 _s
¼ tanðuÞrn þ c
2 _s
ð15Þ
and g is the original viscosity and _s is the strain rate resolved in the
failure plane. The full derivation is given in Appendix A. For each
particle, the constitutive matrix is derived in the coordinates
aligned with the failure plane and then rotated into the reference
coordinates in order to calculate stress in the reference coordinates.
In addition some history dependence is added to this formula-
tion. At each iteration, the previous orientation is tested for failure
to account for fault reactivation (Moresi and Mühlhaus, 2006). In
this case, the previous failure plane may not be completely aligned
with the current direction of maximum shear stress. Hence previ-
ous formulations where all shear components are set to be equal in
three dimensions (Moresi and Mühlhaus, 2006; Pouilloux et al.,
2007), could potentially result in deformation which is in the
strong shear direction. Deformation in the strong shear direction
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isotropic material.
4.2.2. Byerlee
The ‘‘Byerlee” yield criterion represents the empirical, linear
relationship between the strength of rock and depth (Byerlee,
1978) through a Von Mises yield criterion with a depth dependent
cohesion such that the following yielding condition holds
sII < d0dþ c: ð16Þ
sII , is the second invariant of the deviatoric stress, d is the depth, d0
is the depth coefficient, and c is the cohesion of the material.
The viscosity post-yielding (gy) is given by:
gy ¼
d0dþ c
2 _II
; ð17Þ
where _II is the second invariant of the strain-rate tensor.
4.2.3. Strain weakening
The subduction models include a strain weakening mechanism,
such that the cohesion and friction coefficients lessen over time
according to a linear relationship with the relative accumulated
strain to the background deformation rate (Moresi et al., 2007).
The relative accumulated shear-strain, cprel is related to the plastic
strain-rate via:
Dcprel
Dt
¼ _cp; ð18Þ
where _cp is the equivalent plastic shear strain-rate from Eq. (6).
The cohesion and friction coefficients are softened to a finite
value (see Table 3). This is due to the assumption that when rock
is completely broken, it still retains a certain strength (Paterson
and Wong, 2005). The linear relationship used to determine the
current cohesion and friction coefficient values, given the initial
and completely softened values, and the relative accumulated
strain, is given by:
a ¼ max af ; a0 þ ðaf  a0Þ
cprel
cp0
 
ð19Þ
where a; a0 and af are the current, initial and completely softened
values respectively and cp0 is the plastic strain at which full soften-
ing occurs (Moresi et al., 2007).
4.3. Results of the subduction models
The subduction models show that the inherent asymmetry in
the transversely isotropic plasticity model promotes a direction
of slip which aligns with the orientation of the plate boundary,
which then facilitates asymmetric subduction.
Fig. 7a shows the outcome from models SUB1 and SUB2,
wherein model SUB2 uses the isotropic plasticity (Byerlee) and
model SUB1 uses the transversely isotropic plasticity (Transversely
Isotropic Frictional Rheology) (Table 3). Both models undergo one
sided subduction initially, via slip along the less viscous plate
boundary interface. However, once the majority of the weak plate
boundary material is subducted into the upper mantle, the resis-
tance to bending becomes greater than the slab pull force, and
the plate boundary locks up. After this point, yielding occurs on
both sides of the plate boundary. This results in dripping and buck-
ling in both plates and double sided subduction in both models
(Fig. 7a). The lock-up of the plate boundary can be seen in the plots
of the second invariant of strain-rate, where there is no discernible
flow through the plate boundary interface zone (Fig. 7a).
Fig. 7b demonstrates the effect of reducing the viscosity in the
upper layer of the subducting plate, in addition to varying the plas-ticity model. Model SUB4, which uses the isotropic plasticity, pro-
duces eventual double sided subduction. Although model SUB4
initially undergoes asymmetric subduction, eventually the upper
layer in the overriding plate is weakened significantly at the plate
boundary causing the overriding plate to be dragged down with
the subducting plate, leading to double sided subduction. Here a
triangular wedge of high strain-rate forms in the upper layer of
both plates, which is symmetric about the plate boundary interface
(Fig. 7b). This facilitates bending of both plates at the intersection
contributing to the double sided subduction. In contrast, model
SUB3, which uses the transversely isotropic plasticity, produces
sustained asymmetric subduction after initiation via slip along
the plate boundary interface. Here, the transversely isotropic plas-
ticity allows for the deformation to be accommodated such that
the downgoing plate subducts in a single sided fashion.
The subduction model, SUB5, shows the effect of incorporating
hinge softening in the upper layer of the subducting plate, in the
case where the upper layer of the subducting and overriding plates
have the same initial viscosity (Fig. 7c). Model SUB5 uses trans-
versely isotropic plasticity in the upper layer of the lithosphere
and in the plate boundary interface zone. Instead of locking up
after the plate boundary material has been subducted, like model
SUB1, this combination of parameters results in sustained asym-
metric subduction after initiation via slip along the plate boundary
interface, like model SUB3. However, the plate boundary zone is
narrower than in model SUB1, and contains a higher average
strain-rate in comparison (Fig. 7c-second invariant of strain-rate).
The weak upper layer in models SUB3 and SUB4 and the soft-
ened upper layer in model SUB5 provide and maintain a weak plate
interface once the material in the plate boundary interface zone
has been subducted. In contrast, in models SUB1 and SUB2, once
the material in the plate boundary interface zone becomes
depleted, subduction seizes up due to the strong material in the
upper layer of the subducting plate.5. Discussion
Rocks with embedded faults on Earth display slip along the fault
and transfer stresses across the fault. The fault model results show
that both isotropic and transversely isotropic viscosity produce slip
along a shear band which closely represents a fault. However, the
resulting slip within the fault zone in the transversely isotropic
models is aligned with the fault orientation, more closely resem-
bling faults on Earth. The isotropic, weak shear bands are not cap-
able of supporting normal stresses larger than shear stresses,
whereas the transversely isotropic fault zones are as strong as
the undamaged material under loading perpendicular to the failure
plane. We suggest that the use of a transversely isotropic rheology
in geodynamic models will give a better estimate of stresses and
forces across faults and plate boundaries. In contrast, an isotropi-
cally weak fault produces an unphysical extrusion of the fault zone
material, resulting in artificial jumps in stress. This can be seen, for
example, in the case of the fault lying perpendicular to the direc-
tion of compression (Fig. 4).
Stress transfer across plate boundaries is thought to influence
the creation of topographic features on Earth such as the Central
Alaskan Range, the African Rift Valley, the Tibetan Plateau, and
the Andes Mountains (Jadamec et al., 2013; Solomon et al., 1975;
Li and Rice, 1983; Lin and Stein, 2004; Baer et al., 2008). Addition-
ally, stress transfer across plate boundaries is thought to play a
governing role in the triggering of earthquakes (Li and Rice,
1983; Freed, 2005; Xiong et al., 2010). The use of a transversely iso-
tropic rheology in models of the Earth’s lithosphere leads to a lar-
ger portion of the boundary condition stresses being propagated
across the fault zone or plate boundary. In a separate study, the
(a)
(b)
(c)
Fig. 7. Subduction model results. The left column shows the plots of the second invariant of strain-rate field magnitude (II- in microstrain per year) for the model domain
and the right column shows contour plots of the layered lithosphere of both the subducting and overriding plate. (a) Model using a transversely isotropic plasticity (SUB1)
compared with model (SUB2) using an isotropic plasticity where the subducting plate (SP) upper layer for both models is the same strength as the overriding plate (OP) upper
layer. (b) Model using a transversely isotropic plasticity (SUB3) compared with model using an isotropic plasticity (SUB4) where the subducting plate (SP) upper layer for both
models is ten times weaker than the overriding plate (OP) upper layer. (c) Model using a transversely isotropic plasticity in conjunction with hinge softening (SUB5), where
the subducting plate (SP) upper layer is the same strength as the overriding plate (OP) upper layer. SUB1–SUB5 stand for the different models listed in Table 3. (See Tables 2
and 3 for list of parameters.)
86 W. Sharples et al. / Physics of the Earth and Planetary Interiors 252 (2016) 77–90use of a transversely isotropic rheology produced lithospheric
strength profiles which are a better match to experimentally
derived strength profiles (Sharples et al., 2015). These findings sug-
gest that stresses and forces within the lithosphere are more accu-
rately computed when faults and plate boundaries are generated
from an anisotropic stress dependent rheology.
Sustained asymmetric subduction is the predominant style of
subduction on Earth and is thought to play a key role in generating
plate-like motions (Zhong and Gurnis, 1995; Bercovici and Ricard,
2014; Tackley, 2000; Nakakuki et al., 2008). Our models demon-
strate that transversely isotropic plasticity is crucial for sustained
asymmetric subduction from initiation. Here, asymmetric subduc-
tion can be initiated and sustained from a gravitational instability
caused by a negatively buoyant subducting plate, in a free-slip,time dependent subduction model. The models also suggest that
weakening of the upper layer of the subducting plate, in combina-
tion with the transversely isotropic rheology, is important to main-
tain subduction asymmetry throughout the evolution of the
subduction zone. A weakened upper layer of the subducting plate
without the transversely isotropic rheology was not enough to pro-
duce the sustained subduction asymmetry.
The transversely isotropic plasticity implementation is favor-
able for modeling time-dependent subduction with an overriding
plate, because it allows for the natural evolution and migration
of the trench with time in the presence of the overriding plate
(Sharples et al., 2014). The transversely isotropic region facilitates
the macro scale behavior of one tectonic plate sliding past another
tectonic plate, whilst retaining the ability to transmit large normal
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els that include an overriding plate, but fix the plate boundary
location (Jadamec et al., 2012). The use of transversely isotropic
plasticity in the subduction models enables the plate boundary
interface to evolve as a function of the plate boundary stresses.
Accurate plate boundary stresses are important for determining
the strength of inter-plate coupling, particularly in regions of flat
slab subduction (Jadamec et al., 2013; Gutscher et al., 2000;
Conrad et al., 2004; Duarte et al., 2013).
Our results demonstrate that transversely isotropic plasticity and
a weak plate boundary interface allows for the deformation that
would be expected to occur in models with a free surface to be
approximated in models using free slip (Gerya et al., 2008; Crameri
et al., 2012;Crameri et al., 2012).Hencea freesurface isnota require-
ment for sustained asymmetric subduction in our models.
The embedded fault models of Zhong and Gurnis (1996), are the
inspiration for this formulation. The implementation of the slip-
pery node formulation in their models, had an initially prescribed
moving fault with discontinuous velocities at paired nodes. These
nodes were constrained by a friction condition in the fault-
parallel orientation. In 3D, the complexity of the meshing process
made it more complicated to update the positions of the faults to
match the flow. Hence the motivation to develop a flexible,
three-dimensional continuum formulation. The plate boundary
example we show in the subduction zone model, develops
emergent transversely isotropic shear bands satisfying the
Mohr–Coulomb failure criterion.
The limitations of this formulation when put into a global
model context is that plate boundary regions need to be accurately
resolved in terms of particle number and mesh resolution, which
can be costly computationally.6. Conclusion
The transversely isotropic plasticity model applied to models of
faults and plate boundaries produces more Earth-like behavior
with regards to displacement along a fault and asymmetric sub-
duction, in comparison to the standard isotropic model. Models
with a transversely isotropic fault show a higher proportion of
stress being transferred across the fault zone compared to the
equivalent isotropic models, which implies that measurements of
stress transfer and inter-plate coupling from numerical models
with transversely isotropic faults and plate boundaries are more
accurate. The use of transversely isotropic plasticity to model the
plate boundary enables the plate boundary interface to evolve as
a function of the plate boundary stresses. A realistic evolution of
a plate boundary interface and associated stresses, is crucial to
understanding inter-plate coupling, convergent margin driven
topography, and earthquakes.Acknowledgments
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Appendix A. Transversely isotropic formulation subject to a
yield criterion
A yield criterion provides a limit on the elasticity of a material.
When the yield stress of a material is reached, a corresponding
flow rule is needed to determine the manner in which the material
deforms. A transversely isotropic flow rule can be used in mantle
convection software to model slip along a fault in a volume of rock.
We make the assumption that we can write the total deformation
rate as the sum of contributions from viscous and plastic deforma-
tion rates (Moresi and Mühlhaus, 2006). Decomposing the strain-
rate tensor into the background (bg) and additional plastic (add)
parts we have:
2gsij þ saddijkl skl ¼ _ebgij þ _eaddij ; ðA:1Þ
where s is the deviatoric stress tensor and _e is the strain-rate tensor.
saddijkl is the compliance matrix associated with the additional plastic
strain-rate.
In this example, for simplicity’s sake we demonstrate the
derivation where the plane of failure is set to be defined by a ver-
tical normal vector (y-Fig. 2). In this instance, the rotated coordi-
nates (x0; y0; z0) are the same as the reference coordinates (x,y,z).
In matrix form we have the following expression:
1
2g 0 0 0 0 0
0 12g 0 0 0 0
0 0 12g 0 0 0
0 0 0 1g 0 0
0 0 0 0 1g 0
0 0 0 0 0 1g
2
666666666664
3
777777777775
sxx
syy
szz
sxy
sxz
syz
2
666666664
3
777777775
þ
s^11 s^11 s^13 0 0 0
s^21 s^22 s^23 0 0 0
s^31 s^32 s^33 0 0 0
0 0 0 s^44 0 0
0 0 0 0 s^55 0
0 0 0 0 0 s^66
2
666666664
3
777777775

sxx
syy
szz
sxy
sxz
syz
2
666666664
3
777777775
¼
_exx
_eyy
_ezz
2 _exy
2 _exz
2 _eyz
2
666666664
3
777777775
þ
0
0
0
_c
0
_c
2
666666664
3
777777775
; ðA:2Þ
under the assumption there is no coupling between pure shear and
simple shear motions and among shearing motions themselves
(where g is the isotropic viscosity). By inspection all coefficients
are zero in the plastic compliance matrix apart from s^44 and s^66. Fur-
thermore, due to the symmetry of the transversely isotropic med-
ium, where the weakness in simple shear along the plane defined
by the y normal vector is the same along the x or z direction, we
have s^44 ¼ s^66 – 0. Combining the plastic and viscous compliance
matrices yields
1
2g 0 0 0 0 0
0 12g 0 0 0 0
0 0 12g 0 0 0
0 0 0 1gþ s^44 0 0
0 0 0 0 1g 0
0 0 0 0 0 1gþ s^44
2
666666666664
3
777777777775
sxx
syy
szz
sxy
sxz
syz
2
666666664
3
777777775
¼
_exx
_eyy
_ezz
2 _exy
2 _exz
2 _eyz
2
666666664
3
777777775
þ
0
0
0
_c
0
_c
2
666666664
3
777777775
:
ðA:3Þ
The transversely isotropic compliance matrix in Eq. (A.3) can be
inverted to find the constitutive relationship:
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syy
szz
sxy
sxz
syz
2
666666664
3
777777775
¼
2g 0 0 0 0 0
0 2g 0 0 0 0
0 0 2g 0 0 0
0 0 0 g1þgs^44 0 0
0 0 0 0 g 0
0 0 0 0 0 g1þgs^44
2
6666666664
3
7777777775
_exx
_eyy
_ezz
2 _exy
2 _exz
2 _eyz
2
666666664
3
777777775
: ðA:4Þ
To derive the constitutive matrix in terms of the yield stress, we
need the current direction of maximum shear stress. In this exam-
ple, we take the direction of maximum shear stress to be in the y
plane along the x direction. In the case that sxy predicted from
the background constitutive relationship is found to violate the
yield condition
ssmax ¼ tanðuÞrn þ c; ðA:5Þ
the additional strain rate term becomes active and we need to solve
sxx
syy
szz
ssmax
sxz
syz
2
666666664
3
777777775
¼
2g 0 0 0 0 0
0 2g 0 0 0 0
0 0 2g 0 0 0
0 0 0 g1þgs^44 0 0
0 0 0 0 g 0
0 0 0 0 0 g1þgs^44
2
6666666664
3
7777777775
_exx
_eyy
_ezz
2 _exy
2 _exz
2 _eyz
2
666666664
3
777777775
; ðA:6Þ
where
s^44 ¼
_exy
ssmax
 1
g
: ðA:7Þ
Thus the transversely isotropic constitutive relationship for rock
with an embedded fault in the horizontal plane, subject to a yield
criterion is given by
sxx
syy
szz
sxy
sxz
syz
2
666666664
3
777777775
¼
2g 0 0 0 0 0
0 2g 0 0 0 0
0 0 2g 0 0 0
0 0 0 gssmaxs0xy 0 0
0 0 0 0 g 0
0 0 0 0 0 gssmaxs0xy
2
6666666664
3
7777777775
_exx
_eyy
_ezz
2 _exy
2 _exz
2 _eyz
2
666666664
3
777777775
; ðA:8Þ
where s0xy=ssmax is the overshoot of the shear stress predicted from
the background constitutive relationship relative to the yield stress
(or 1 if the shear stress does not violate the yield criterion).
Appendix B. Rotations
When the embedded fault is in a general orientation, (Fig. 1b),
the formulation in Appendix A can be derived in coordinates
aligned with the fault plane and then rotated out to the reference
coordinates. The rotation matrices can be derived as follows.
In order to represent the components of the constitutive tensors
in an arbitrarily rotated orientation, we introduce a right-handed
triad of orthonormal vectors, ða;b; cÞ, that satisfy the following
relations:
a  b ¼ a  c ¼ b  c ¼ 0; a  a ¼ b  b ¼ c  c ¼ 1; ðB:1Þ
where the components of the triad satisfy
aiaj þ bibj þ cicj ¼ dij; ðB:2Þ
and dij is the Kronecker delta. The transformation tensor from ‘‘hat-
ted” (a; b; c coordinates) to ‘‘unhatted” (x; y; z coordinates) is given
by:Ri^i ¼
a1 b1 c1
a2 b2 c2
a3 b3 c3
2
64
3
75; ðB:3Þ
where Eq. (B.3) is equivalent to the well-known Cayley–Klein rota-
tion matrix for three-dimensional general rotations. The tensor
transformation rule in going from hatted to unhatted indices is then
cijkl ¼ ci^^jk^^lRi^iRj^jRk^kRl^l; ðB:4Þ
where the indices in Eq. (B.4) have been replaced with their hatted
versions, to represent the alignment of the constitutive matrix with
the ða;b; cÞ coordinates.
In the following, we use the Mandel form of the tensors for con-
venience. In order to form the six-dimensional matrix represented
in Appendix A of the above expression, the R terms are contracted
on the first and second sets of symmetric indices of Ci^^jk^^l, respec-
tively. Therefore, we may introduce the following fourth order ten-
sor whose action on the constitutive matrix in (B.4) is identical to
its non-symmetrical version due to the symmetry of the indices of
the constitutive matrix:
QI^I ¼ ðRi^iRj^j þ Rj^iRi^jÞ=2; ðB:5Þ
so that,
Q ¼ Q 11
ﬃﬃﬃ
2
p
Q 12ﬃﬃﬃ
2
p
Q 21 2Q 22
" #
; ðB:6Þ
where
Q 11 ¼
a1a1 b1b1 c1c1
a2a2 b2b2 c2c2
a3a3 b3b3 c3c3
2
64
3
75 Q 12 ¼
a1b1 a1c1 b1c1
a2b2 a2c2 b2c2
a3b3 a3c3 b3c3
2
64
3
75 ðB:7Þ
Q 21 ¼
a1a2 b1b2 c1c2
a1a3 b1b3 c1c3
a2a3 b2b3 c2c3
2
64
3
75 Q 22 ¼
að1b2Þ að1c2Þ bð1c2Þ
að1b3Þ að1c3Þ bð1c3Þ
að2b3Þ að2c3Þ bð2c3Þ
2
64
3
75;
ðB:8Þ
where the brackets on the components of Q22 indicate symmetrized
indices. e.g.,
að1b2Þ :¼ ða1b2 þ a2b1Þ=2: ðB:9Þ
Given that the matrix Q has the properties of a rotation matrix, ie.:
Q1 ¼ Q T detðQÞ ¼ 1: ðB:10Þ
we can write the constitutive law in Mandel matrix notation in a
form where the rotation component has been separated from the
original constitutive component:
s ¼ QCQ T _; ðB:11Þ
where C, in Eq. (B.11), is the original constitutive law in an unro-
tated coordinate system that is aligned with the vectors ða;b; cÞ.
The compliance form of Eq. (B.11) is:
_ ¼ QC1Q Ts: ðB:12Þ
In order to make use of these relations in Voigt form let us define:
P ¼ diag ½1;1;1;
ﬃﬃﬃ
2
p
;
ﬃﬃﬃ
2
p
;
ﬃﬃﬃ
2
p
: ðB:13Þ
Now define the matrix:
Qv :¼ P1QP: ðB:14Þ
We note that
Q1v :¼ PQ TP1: ðB:15Þ
W. Sharples et al. / Physics of the Earth and Planetary Interiors 252 (2016) 77–90 89So now the Voigt forms of (B.11) and (B.12) are
s ¼ Q vCQ1v _ and _ ¼ Q vC1Q1v s; ðB:16Þ
respectively. Note that s and _ are also now in Voigt form. In the
text we drop the v subscript and use these versions of Q .References
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